GENERALIZATION OF WEAK AMENABILITY OF GROUP ALGEBRAS 

M. ESHAGHI GORDJI AND A. JABBARI 

Abstract. New notion of weak amenability, (<p, i/i)-wcak amenability recently introduced. 
In this paper we consider this new notion and study (ip, t/>)-weak amenability of group algebras 
M(G), L X (G) and S 1 (G). 



1. Introduction 

Suppose that X is a Banach A-bimodule. A derivation D : A — > X is a linear map which 
satisfies D(ab) = a.D(b) + D(a).b for all a, b e A. 

The derivation S is said to be inner if there exists x £ X such that 6(a) = 5 x (a) = a.x — x.a 
for all a <E A. The linear space of bounded derivations from A into X denoted by Z 1 (A,X) 
and the linear subspace of inner derivations denoted by N 1 (A 1 X). We consider the quotient 
space H 1 (A, X) = Z 1 (A, X) /N 1 (A, X), called the first Hochschild cohomology group of A with 
coefficients in X . 

A Banach algebra A is amenable if every derivation from A into every dual Banach A-module 
is inner, equivalently if H 1 (A,X*) = {0} for every Banach A-module X, this definition was 
introduced by Johnson in [9]. One of the important things that Johnson proved is that the 
group algebra i 1 (G) is amenable if and only if G is amenable, where G is locally compact 
group. 

A Banach algebra A is called weakly amenable if, H 1 (A,A*) = {0} (for more details see [1] 
and |7])- Let A be Banach algebra and let <p and ip be continuous homomorphisms on A. We 
consider the following module actions on A, 

a ■ x := (p(a)x, x ■ a := xip(a) (a, x G A). 

We denote the above A- module by A^^y 

Let X be an A- module. A bounded linear mapping d : A — > X is called a (ip, tp) -derivation 

if 

d(ab) = d(a) ■ tp(b) + ip(a) ■ d(b) (a, b E A). 
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A bounded linear mapping d : A — >• X is called a (tp, ip)-inner derivation if there exists x G X 
such that 

d(a) = x ■ tp(a) — tjj(a) ' x (a E A). 

Throughout, unless otherwise stated, by a (tp, ^-derivation we means that a continuous 
(tp, ^-derivation. New notion of weak amenability of Banach algebras, (tp, ?^)-weak amenability, 
introduced in [2], where the authors determined the relations between weak amenability and 
(tp, VO-weak amenability of Banach algebras. 

Let A be a Banach algebra and let ip and tp be continuous homomorphisms on A. Then A 
is called (ip, ^>)-weakly amenable if H 1 (A, (Ai^^s)*) = {0}. 

Let A and B be Banach algebras. Similarly to [2], we denote by Hom(A, B) the metric space 
of all bounded homomorphisms from A into B, with the metric derived from the usual linear 
operator norm || • || on B(A,B) and denote Hom(A, A) by Hom(A), where B(A,B) is the set 
of all bounded linear operators from A into B. 

Let A be a Banach algebra, X be a Banach A- module and let ip, ip E Hom(A). A derivation 
D : A — > X is called approximately (</?, V0~ inner if there exists a net in X such that, for 
all a E A, D(a) = lim a x a ■ ip(a) — VK a ) ' x a m norm. A Banach algebra A is approximately 
(ip, V>)-weakly amenable if every derivation D : A — > (^4( v ,^))* is approximately (<p, "0)-inner. 

In this work we study (<p, VO-weak amenability of Banach algebras. In section 2, we prove 
when the group algebra L X (G) is a two-sided G- module then it is (ip, ^)-amenable. Also we 
consider the measure algebra M(G), if M(G) is (ip, ^))-weakly amenable, then G is discrete and 
amenable. In section 3, we investigate (tp, ?/>)-weak amenability of Segal algebras and abstract 
Segal algebras. At first, we consider approximate (tp,ip)- derivation from Segal algebra S 1 (G) 
into its dual, and after that we study commutative abstract Segal algebras. 

2. (tp, ^)-weak Amenability 

In this section, by providing some new results in (<fi, tp)-weak amenability of Banach algebras, 
we study (tp, ?/>)-weak amenability of group algebra i 1 (G) where tp,ip £ Hom(L 1 (G)) and G is 
locally compact group. 

Proposition 2.1. Let A be a Banach algebra, B be a Banach A-bimodule, $ : A — > B be 
a multiplier with dense range, and d : A — > (B^^)* be a non-zero (tp,ip)- derivation where 
tp,ij) G Hom(A). Then D := $* od is a non-zero (tp,ip)- derivation. 

Proof. For every x,y,z € A we have 

(D(xy),z) - (^od(xy),z) = {^(d(x).tp(y)+^(x).d(y)),z) 

= (d(x).tp(y) + <P(x).d(y), $(z)) - (d(x), tp(y)Mz)) + (d(y),<S>(z)4(x)) 

= (d(x),3>(tp(y)z)) + (d(y),$( Z TP(x))) = tp(y)z) + <$*(<%)), zi>(x)) 

= (D(x).tp{y)+il>(x).D(y),z). 
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Therefore D is a (tp, ^-derivation. If D = 0, then for every x,y £ A we have (D(x), y) = 0. 
Then ($* o d(x), y) = (d(x), = 0. This means that d(A) = 0, and so d = 0. □ 

Theorem 2.2. Lei A be a Banach algebra, B be a closed subalgebra, and I be an closed 
ideal of A such that A = B ® I. If A is (tp,ip) -weakly amenable, where tp,ip G Hom(A) and 
<p(B),ip(B) C 7?, i/ien 7? is (tp,tp) -weakly amenable. 

Proof. Let 7r : ^4 — > B be the natural projection from A onto -B. Then tt is a multiplier on 
7?. Also, for every a,b G A, there are x,y € B such that a = x + 7 and b = y + I, then 
n(ab) = xy = xTi(b) = n(a)y. 

Suppose that d : B — > (Bi^m)* is an arbitrary (tp, ^-derivation. From Proposition 12.11 
D = tt* o d : A — > (A/tp^)* is a (tp, ^-derivation. Since A is (tp, - 0)-weakly amenable, then 
there exists an element t; £ A* such that 

D(x) = £.<p(x) - ip(x)4 (xeA). 

Set 77 = ^| s . Then 

(d(x),y) = (d(x), fr(y)) = (tt* o d(x),y) = (D(x), y) 

= (£-<p(z) - ip(x)4, y) = (£,, ip(x)y) - (£, yip(x)) 
= (V: Pi x )y) ~ (V, yip[x)) = (v-(fi(x) - tp(x).r], y), 

for every x, y <G 7? (note that 7? is a closed subalgebra of ^4). Then d is a (tp, ■0)-inner derivation. 

□ 

Let G be a nondiscrete locally compact group. Then M(G) = Md(G) © M C (G) is the direct 
sum decomposition of the measure algebra M(G) into its closed subalgebra of discrete measure 
Md(G) and its closed ideal of continuous measures M C (G) (Theorem 19.20 of [8]). 

Corollary 2.3. Let M(G) be (tp,ip)-weakly amenable, where tp, ip € Hom(M(G)), such that 
tp(M d (G)),ip(M d (G)) C M d (G). Then M d (G) is (p,ip) -weakly amenable. 

In [SJ Theorem 2.1], Dales, Ghahramani and Helemskii showed that M(G) is weakly amenable 
if and only if G is discrete if and only if there is no non-zero, continuous point derivation at a 
character of M(G). 

Similarly, let tp G Hom(M(G)), and is onto. If M(G) is (tp, </?)-wcakly amenable and ^ 
tp G A(A7(G)), then by Theorem 2.10 of [2], there are no non-zero point derivation at tp o tp. 
This means that G is discrete and M (G) is weakly amenable. Converse of this statement is 
true, when tp and tp are identity homomorphisms. This shows that the space of this new notion 
is wider then weak amenable Banach algebras. 

Let X be a Banach space, a net (m a ) C X* called converges weak~ to m G X* if m a — > m 
and ||m Q || — >■ ||m||, this notion introduced in [11]. In particular case, if fi G M(G), suppose that 
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v G L°°(G)* is a norm preserving extension of p. Then there exists a net (/ 7 ) C L}{G) with 
II/7II 5= IImIIj an d / 7 — f. By passing to a suitable subnet we can write ||/ 7 || — >■ ||/z||, so we have 
/ 7 — >fjb weak~. Let A be a Banach algebra, for operator tp, we say that p satisfies in weak~ 
condition if for every net (m a ) C A* which converges weak~ to m e i*, then m a ip(m). 

Theorem 2.4. Let G be a locally compact group, and X be a M(G)-bimodule by module actions 
p,.x = p(p).x and x.fi = x.ip(p) where ip, ip G Hom(L 1 (G)), and p,ip are extensions of ip and 
ip. Then every (ip,ip)- derivation D : L 1 (G) — > X* extends to a unique (ip,ip)- derivation form 
M(G) into X*. 

Proof. Let fj, G M(G), take a net (/ 7 ) C L 1 (G) such that / 7 -> p, wcak~. Then the net (Df 7 ) 
converges in w*-topology. Define Dp = w* — lim 7 D/ 7 . Thus D is a bounded linear operator 
which extend D. For every x G X, gi, g 2 G L 1 (G) and /j G M(G) we have 

(D(p),gi.x.g 2 ) = w* -lim(D(f 1 ),g 1 .x.g 2 ) = w* -lim(D(/~).3i,x.ff 2 ) 

7 7 

= tu* -Hm(-D(/ 7 ).p(flri),a;.32) 

7 

= u>* - lim(£>(/ 7 .,9i) - ip{f 1 ).D{gi),x.g 2 ) 

7 

= w* - lim(D(/ 7 .gi),x.g 2 ) - «;* - lim(^(/ 7 ).-D(fl r i), x.g 2 > 

7 7 

= (D(p,.gi),x.g 2 ) - $(p).D( gi ),x.g 2 ) 

= (B(i i .gi),x.g2)-(D(g 1 ),x.g 2 .$(ji)). (2.1) 

Now, we show that D is a (y>, -0)-derivation. As above suppose that / 7 — > /1 weak~, then by 
12.11 we have 

{D{r^i),g.x) = lim(D(r).f 7 ),g.x) = lim(D(ri), f y g.x) + ]im(D(f y ),g.x.ip{ri)) 

111 

= ]wi{D(r)).<p(f^),g.x)+]mi{D(f J ),g.x.$(T))) 

1 1 

= \im(D(ri).p(fy),g.x) +]im{^(r)).D(fy),g.x) 

1 1 

for every n G M(G),g G L 1 (G), and x G X (note that ||/ 7 * g - \i * g\\ -> and L 1 (G).X = X). 
For uniqueness of D, let D' be other (</?, -0)-derivation which extend D to M(G). Let / 7 and 
be as above, then D'(p) = lim 7 D{f 1 ) = D{p). □ 

Let G be a locally compact group. A Banach space X called G-module if the following 
statements hold 

(1) there is k > such that ||g.a;|| < k\\x\\ for every g G G, x G X; 

(2) for x G X, the map G — >• X : g M> g.x is continuous. 
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Similarly for right Banach G-modules, and two-sided Banach G-modulcs, where in the latter 
case we require the map G x G — » X : (.91,52) ^ 9\- x -9i to be continuous. If X* is the dual of 
X then by following actions, X* is two-sided G-module: 

(f.6, x) = </, 6.x) and (6.f, x) = (/, x.6), 

for every 9 £ G,x £ X and f £ X*. 

Weak amenability of i 1 (G) studied by Johnson in [10], and after he, Dcspic and Ghahramani 
in [5] (Theorem 1) gave different proof for weak amenability of L 1 (G). We use technique of 
proof in [5] , and we have the following Theorem. 

Theorem 2.5. Let L 1 (G) be two-sided G-module, and ip,ip £ Hom(L 1 (G)). Then L 1 (G) is 
(tp,ip)-weak amenable. 

Proof. Let D : L 1 (G) — > L°°(G) be a (tp, i/>)-derivation. By Theorem 12.41 it suffices to show 
extending of D on M(G) is inner. For £ € G, by 5t, we mean that the point mass at t. Then 

1)(5 t -x).D{8 t ) = i>(8 t -i).D(8 tx -i*8 x ) 

= ^{8 t -^{8 tx -i).D{8 x ) + i>{8 t -i).D{8 tx ).<p{8 x ) 
= V(«5 x -i).£'(^) + V(5 x -i).((V'(5( te - 1 )-0^(^)))^(4) (2.2) 
For every A £ L°°{G), let Re(\) denote the real part of A, and let 

S = {Re((^(8 itx -i } -i).D(S tx ))) :t£G}. 
Take £ = sup(S). Since L 1 (G) is two-sided G-module, then we have 

swp(tp(8 x -i).S.tp(8 x )) = ip(8 x -i).sup(S).cp(8 x ), and 

sup(A + 5) = A + sup(S) (x £ G,A £ L°°(G)). (2.3) 

Now by 12.21 and 12. 31 we have 

£ = ^(^- 1 ).i?e(D(4)) + V(<WK-¥>(<y, 

then 

ite(2?(* x )) = lKk)-f -£•¥>($»)> 
for every x £ G. Similarly for imaginary part, there exists an element ( £ L°°(G) such that 

Im{D(5 x )) = iP(8 x ).( - C(p(8*), 

for every x £ G. Therefore by taking <; = £ + i£ we have 

D(8 X ) = ip(8 x ).(; - <;.(p(S x ), 
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for every ieG. Let fi € M(G), then there exists a net (/x a ) with each \i a a linear combination 
of point masses such that pL a — > fj, in strong topology (note that point masses are extreme point 
of M(G)). Also we can give this net such as net in proof of Theorem 12.41 Then 

D{p) = - s.<p([i), 

for every /j, 6 M(G). This means that i 1 (G) is {(p,ip)-weak amenable. □ 

3. Results For Segal Algebras 

Let (A, ||.||) be a Banach algebra. Then (03, |.| ) is an abstract Segal algebra with respect 
to (A, 11-11) if: 

(1) 03 is a dense left ideal in A and 03 is a Banach algebra with respect to |.| ; 

(2) There exists M > such that ||6|| < M||6||', for each b e 03; 

(3) There exists C > such that ||o6||' < C||o||'||6||', for each a,b 6 03. 

Let G be a locally compact group. A linear subspace S 1 (G) of L X (G) is said to be a Segal 
algebra, if it satisfies the following conditions: 

(i) S 1 (G) is a dense in L 1 (G); 

(ii) If / S S 1 (G), then L x / e S 1 (G), i.e. is left translation invariant; 

(m) S 1 (G) is a Banach space under some norm ||.||s and ||L T /|| S = ||/|| s , for all / e S' 1 (G) 
and ieG; 

(to) Map x i— > La;/ from G into 5 1 (G) is continuous. 

For more details about Segal algebras see [12] . Dales and Pandcy studied Weak amenability 
of special case of Segal algebras in [3] , and after they, Weak amenability of Segal algebras and 
Lebesguc- Fourier algebra of a locally compact group improved by Ghaharamani and Lau in [6] . 

Theorem 3.1. Let G be an amenable group and let S 1 (G) be a symmetric Segal algebra with ap- 
proximate identity (e a ) a contained in center o/L 1 (G). Give cp,ip £ Hom(S 1 (G)) such that ex- 
tensions ofip,ip on L 1 (G) are continuous, and ip is onto. Then every bounded (tp,ip)- derivation 
from S 1 (G) into S 1 (G)* is approximately (ip,ip) -inner. 

Proof. Let (e a ) a be an approximate identity of S 1 (G) contained in the center of L 1 (G), and 
let tp and ip be extensions of <p and ip on L 1 (G). 

For each a, define D a : V-{G) — > S 1 (G)* by D a (f) = D ( e a * f) - D M ■ $(f), for every 
/ G L 1 (G). At first we show that D a is a bounded (tp, ^)-dcrivation. Boundedness of D a 
comes from that i 1 (G) acts continuously on S 1 {G) on the right, and so / i — > D(e a * f) is 
continuous from i 1 (G) into S 1 {G)* . Similarly L 1 (G) acts continuously on S 1 (G) on the left, 
and so / i — > D(e a ) ■ <p{f), therefore D a is continuous. 
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Now, we should show that D a is a (<p, ^-derivation. Let /i,/2 € L 1 (G), then 

D a (fx*h) = D(e a *f 1 *f 2 )-D(e a )-v(f 1 *f 2 ) 

= norm - \im(D(e a *fi*ep* f 2 ) - D(e a ) ■ 0(fi * f 2 )) 

= norm - lim(D(e Q * /i) ■ <^(e^ * / 2 ) + ^(e Q * /i) ■ D(e^ * f 2 ) 

-D(e a ) -tpift *f 2 )) 

= D(e a * /i) ■ ^(/ 2 ) - £>(e Q ) ■ * / 2 ) + w* - lim-0(/i * e Q ) • D(ep * / 2 ) 

= {D(e a * h) - D(e a ) ■ lp{h)) ■ <p{f 2 ) + w* - Iim(^(/i)^(e a ) • D( e/3 * / 2 )) 

= (£>(e a * h) - D(e a ) ■ tp(J{)) ■ !p(f 2 ) + w*- lim^/r) • D(e a * e/3 * / 2 ) 

-Wl) • D(e a ) ■ cp(e p * f 2 )) 

= (D(e a * h) - D(e a ) ■ ■ <p{f 2 ) + ■ D(e a * f 2 ) - ^(/i) • D(e a ) ■ <p(f 2 ) 

= D a (fi)-^f2)+kfi)-D(f 2 )- 

Therefore D a is a (<p, ^-derivation. By Johnson Theorem there exists £ a in S' 1 (G)* such 
that 

D a (f) = C • W) ~ ${f) ■ (a = D(e a * /) - D(e a ) ■ £(/), 
for every / 6 L 1 (G), and we have 

D(e a ) ■ <p{f) = D(e a * f) - i>{e a ) ■ D(f) ^ 0, 

for every / E S 1 (G). Then 

D(f) = w* - lim£ a • <p{f) - ^(/) -C Q (/ S S' 1 (G)). 

a 

If we take / = e Q , since (e Q ) is in the center of L 1 (G), then D(e a ) = 0. There for every 
/ € S 1 (G), we have 

D(f) = norm - lim£ Q • £(/) - ^(/) ■ £„, 

a 

and so proof is complete. □ 

Theorem 3.2. Let A be a commutative Banach algebra, and let 23 be an abstract Segal algebra 
of A with approximate identity (e Q ). Suppose that (p € Hom{*R), with continuous extension <p 
on A. If A is (if, tp) -weakly amenable, then 23 is (ip,tp) -weakly amenable. 

Proof. Let D : 23 — > 23* be a continuous (<p, (^-derivation. Similarly to proof of Theorem 13. 11 
define D a : A — > 23* by D a (f) = D(e a * f) - D(e a ) ■ <p(f), for every / G A. According to the 
proof of Theorem 13. 11 D a is a continuous (ip, (^)-derivation. Since A is (tp, <J?)-weakly amenable 
and commutative, therefore 23* is a symmetric „4-bimodule. These mean that D a = 0, and this 
means that D = 0. □ 
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